The Catalan generating function
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Practice problems

1. Use the binomial expansion of (1 — 4z)'/2 to find the coefficient of z° in C(z) = 1= 3;4””.

2. Show that the function C(z) = = v2;—4x satisfies the equation C(z) = 1+ 2C(z)?.

3. Determine the radius of convergence of the Catalan generating function and explain its signifi-
cance regarding the growth of C,,.



Solutions

1. Use the binomial expansion of (1 — 4z)'/2 to find the coefficient of z* in C(z) = === w.

e Expand (1—4x)'/? using the binomial theorem: 1+%(—4x)+W(—4x)2+W(—4x)3+
(1/2)(—1/2)2(23/2)(—5/2) (—da)* + ...

o Simplify terms: 1 — 2z — 222 — 423 — 1024 — . ..

. . 1—(1—2z—222—423—102%—... 24 4g3 4
e Substitute into C/(z): =U1=22=2¢ o e ) = 20420 e L

e Divide by 2z: 1+ 1z + 222 + 523 + ...

e The coefficient of z3 is 5.
Answer: 5

2. Show that the function C(z) = I=¥1=1% w satisfies the equation C(z) = 1+ 2C(z)2.

o Start with C(z) = 14112,
e Compute C(x)g _ (=VT—42)® _ 14(1-4da)—2V1-4dz _ 274‘%2?@'

4x2 422
e Multiply by z: 2C(x)? = 2-4-2/Ite — Lo vide,
o Add 1: 1+ aC/(p)? = Zetl=2eVInie _ 1oVIods

e This is exactly C(z).
Answer: The identity holds.

3. Determine the radius of convergence of the Catalan generating function and explain its signifi-
cance regarding the growth of C),.

e The function C(x) = 1=v/1-de ”217496 has a singularity where the square root argument is zero:
1—4x =0.

Solving for x gives x = 1/4.

The radius of convergence is R = 1/4.
By the root test, limsup,,_,..(Cy)"/™ =1/R = 4.

This implies that the Catalan numbers grow roughly as 4.

Answer: R = 1/4; the sequence grows exponentially as 4 n.
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