Generating functions I — the sequence-to-function dic-
tionary

Lesson 51 - Module 4 — Recurrences & Generating Functions - Discrete Mathematics - daily-
maths.uk/discrete

Practice problems

1. Find the ordinary generating function for the sequence a,, = 3" for n > 0.

2. Find the sequence a,, corresponding to the generating function G(x) = %

3. Find the generating function for the sequence a, = n - 2™.



Solutions

1. Find the ordinary generating function for the sequence a,, = 3" for n > 0.

e The sequence is 1,3,9,27, ...
e The generating function is G(z) = > o2 3"z,
e This is a geometric series with common ratio 3z.

e Using the formula ﬁ, we substitute r = 3.

Answer: G(x) = \fracl1-3x

2. Find the sequence a,, corresponding to the generating function G(x) = =.

e We know that ﬁ corresponds to the sequence 1,1,1,... (all ones).

e Multiplying by 23 shifts the sequence to the right by 3 positions.
e The first three terms ag, a1, as become 0.

e The terms from a3 onwards are all 1.
Answer: an = 0 \text for n i3, an =1 \text for n \ge 3

3. Find the generating function for the sequence a, = n - 2™.

1

e We know the generating function for b, = 2" is B(x) = 1=5;.

e To introduce the factor of n, we use the operator x%.

e Compute the derivative: %(1 —2x)7 = —1(1 —22)72 (—2) = 2

d—22)2"

e Multiply by z to get G(z) = (1—25;)2'

Answer: G(x) = \frac2x(1-2x)"2
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