First convergence proofs — the template, slowly
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Practice problems

1. Prove that the sequence a, = ni“ converges to 0.

2. Prove that the sequence a, = ;= converges to 1.

3. Prove that the sequence a, = % converges to 2.



Solutions

3
—5 converges to 0.

1. Prove that the sequence a, = =

Scratch work:

3
B -0l<e = 2a<e=n+1>% = n>32_

Let € > 0. Choose N = [2 — 1] (or 1 if this is non—posmve).
e Let n > N. Thenn>§—1.

1
Adding 1 gives n + 1 > 2,80 o7 < 3.

Multiplying by 3 gives <5 <e. Thus |a, — 0] <.
Answer: The sequence converges to 0.

2. Prove that the sequence a, = 2z converges to 1.

e Scratch work: [t — 1] = \";L(i;rf’)]: ]n;ff) :niﬁ.
o Wewant 2= <e = n+5>2 — n>2-5
e Let € > 0. Choose N = max(1,[2 — 5]).
oFornzN,n—i—Sz son—+5§6

Therefore |a, — 1| <e.

Answer: The sequence converges to 1.

3. Prove that the sequence a, = ;‘Z;é converges to 2.
4n—1-2(2n+3) dn—1-4n-6| _ _7
o Scratch work: |37y — 2| = T30 = |50 = 5l

. Wewantﬁlg<e - 2n+3>% = 2n>;—3 = n>2l€—1.5.
Let € > 0. ChooseN:max(l (1—1.51).

FornZN,2n+SZfso <e.

Therefore |a,, — 2| <e.

2n+3

Answer: The sequence converges to 2.
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