Negating statements — the skill behind every counterex-
ample
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Practice problems

1. Negate the following statement: 3L,Ve > 0,35 > 0,Vz, (|[x —a] <d = |f(x) — L| <¢)
2. Negate the statement: For every real number x, there exists a real number y such that 224y? = 1.

3. Negate the statement: There exists a function f such that for all z,y in the domain, if x < y,

then f(z) < f(y)-



Solutions

1. Negate the following statement: 3L,Ve > 0,35 > 0,Vz, (jx —a| <6 = |f(z) — L| <€)

e Flip the first quantifier: 9L becomes VL.
e Flip the second quantifier: Ve > 0 becomes de > 0.
Flip the third quantifier: 3§ > 0 becomes Vo > 0.

Flip the fourth quantifier: Vo becomes Jz.

Negate the implication: |z —a| < 6 = |f(z) — L| < € becomes |z —a] < J and
[f(z) = L| > e

Answer: VL,3e > 0,VY0 > 0,3z, (|]z —a| < 6 and |f(z) — L| > ¢)
2. Negate the statement: For every real number x, there exists a real number y such that 224y? = 1.

e The original statement is Vo € R, 3y € R, 2% +¢? = 1.
e Flip Vz to dz.

e Flip dy to Vy.

e Negate the equation 22 + y? = 1 to 22 + y? # 1.

Answer: There exists a real number z such that for all real numbers y, 2 4+ y? # 1.

3. Negate the statement: There exists a function f such that for all z,y in the domain, if x < y,
then f(z) < f(y).
e The original statement is 3f,Vz,Vy, (z <y = f(z) < f(y)).
e Flip 3f to Vf.
e Flip Vz to dz.
e Flip Vy to Jy.
e Negate the implication: z <y = f(z) < f(y) becomes = < y and f(x) > f(y).

Answer: For all functions f, there exist x,y in the domain such that x < y and f(z) > f(y).
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