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Practice problems

1. Given a charge density ρ(x, y, z) = 3x2+2y2+z2 inside a unit cube V = [0, 1]× [0, 1]× [0, 1], use
the Divergence Theorem and Maxwell’s first equation to find the total electric flux

∫∫
S E · ndS

through the surface of the cube.

2. A magnetic field is given by B = (y2, x2, 0). Show that this field satisfies Maxwell’s second
equation and explain what this means physically.

3. A changing magnetic field creates an electric field such that ∇ × E = (0, 0,−2t). Use Stokes’
Theorem to find the voltage

∮
C E · dr around a circle of radius R = 2 in the xy-plane.
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Solutions

1. Given a charge density ρ(x, y, z) = 3x2+2y2+z2 inside a unit cube V = [0, 1]× [0, 1]× [0, 1], use
the Divergence Theorem and Maxwell’s first equation to find the total electric flux

∫∫
S E · ndS

through the surface of the cube.

• By the Divergence Theorem, the flux is
∫∫∫

V (∇ ·E)dV .

• Substitute Maxwell’s first equation:
∫∫∫

V
ρ
ϵ0
dV .

• Compute the integral: 1
ϵ0

∫ 1
0

∫ 1
0

∫ 1
0 (3x

2 + 2y2 + z2)dxdydz.

• The integral is [x3]10 + [23y
3]10 + [13z

3]10 = 1 + 2
3 + 1

3 = 2.

• The total flux is 2/ϵ0.

Answer: 2/ϵ0

2. A magnetic field is given by B = (y2, x2, 0). Show that this field satisfies Maxwell’s second
equation and explain what this means physically.

• Compute the divergence: ∇ ·B = ∂
∂x(y

2) + ∂
∂y (x

2) + ∂
∂z (0).

• The result is 0 + 0 + 0 = 0.

• Since the divergence is zero, it satisfies the equation ∇ ·B = 0.

• Physically, this means there are no magnetic monopoles in this field; every field line that
enters a region must leave it.

Answer: The divergence is 0, so it satisfies the equation; no monopoles are present.

3. A changing magnetic field creates an electric field such that ∇ × E = (0, 0,−2t). Use Stokes’
Theorem to find the voltage

∮
C E · dr around a circle of radius R = 2 in the xy-plane.

• By Stokes’ Theorem,
∮
C E · dr =

∫∫
S(∇×E) · ndS.

• The normal vector to the xy-plane is n = (0, 0, 1).

• The dot product is (0, 0,−2t) · (0, 0, 1) = −2t.

• The integral is
∫∫

S −2tdS = −2t×Area of circle.

• Area is πR2 = π(22) = 4π.

• The voltage is −2t(4π) = −8πt.

Answer: −8πt
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