The unified view — all four theorems as one

Lesson 54 - Module 4 — Green, Stokes & Divergence - Multivariable & Vector Calculus -
dailymaths.uk/vectorcalc

Practice problems

1. Compute the flux of F = (x,y, 2z) through the surface of a cube with vertices at (0,0,0) and
(2,2,2) using the Divergence Theorem.

2. Use the unified view to explain why the line integral of a conservative field F = V f around a
closed loop C' is always zero.

3. Find the triple integral of f(x, %, 2) = 3 over the region V bounded by the sphere 22 +y?+22 = 4.
Then, identify a vector field F such that this integral represents the total flux through the
boundary surface S via the Divergence Theorem.



Solutions

1. Compute the flux of F = (z,y, z) through the surface of a cube with vertices at (0,0,0) and
(2,2,2) using the Divergence Theorem.
e Compute the divergence: V-Fz%—i—%—k%zl—i—l—i—lz&
e Identify the volume of the cube: V=2 x2 x 2 =28.
e Apply the Divergence Theorem: [[(F-ndS = [[[,3dV =3 x 8 = 24.

Answer: 24

2. Use the unified view to explain why the line integral of a conservative field F = V f around a
closed loop C' is always zero.

e By the unified view (Stokes’ Theorem), the line integral around C' equals the surface integral
of the curl of F over a surface S bounded by C.
e The curl of a gradient field is always zero: V x (Vf) = 0.

e Integrating zero over the surface S results in zero.
Answer: 0

3. Find the triple integral of f(x,y,2) = 3 over the region V bounded by the sphere 22 +y?+22 = 4.
Then, identify a vector field F such that this integral represents the total flux through the
boundary surface S via the Divergence Theorem.

e The integral is 3 x Volume of sphere = 3 x (%7723) =3 X ?’QT” = 327.
e Weneed V-F = 3.
e A simple field satisfying this is F = (z,y, z).

Answer: 32\pi, \mathbfF = \langle x, y, z \rangle
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