Module 2 review + self-test

Lesson 32 - Module 2 — Multiple Integrals - Multivariable & Vector Calculus - dailymaths.uk/vectorcalc

Practice problems

1. Evaluate the integral fol fyl sin(x?) dz dy by swapping the order of integration.

2. Find the volume of the solid bounded by the cylinder 22 + % = 4 and the planes z = 0 and
z=x+3.

3. Use a change of variables to evaluate [[ @+ y)%e“~Y dA where R is the square with vertices
(1,0),(2,1),(1,2),(0,1).



Solutions

1. Evaluate the integral fol fyl sin(x?) dz dy by swapping the order of integration.

Sketch the region: y goes from 0 to 1, and x goes from y to 1. This is a triangle with
vertices (0,0), (1,0), (1,1).

Swap the order: = now goes from 0 to 1, and for a fixed z, y goes from 0 to x.
Set up the new integral: fol Jy sin(a?) dy dz.
Integrate with respect to y: fol [y sin(x?)]% dox = fol rsin(z?) dx.

Use u-substitution u = 22, du = 2zda: [—3 cos(z?)]§ = (1 — cos(1)).

Answer: 3(1 — cos(1))

2. Find the volume of the solid bounded by the cylinder 22 + 4% = 4 and the planes z = 0 and
z=x+3.

Use cylindrical coordinates: © = rcosf,y = rsinf,z = z.

The region is 0 <r <2,0<6<27m,0<z<rcosf + 3.

Set up the integral: f fo reos0F3 gz dr df.

Integrate z: f027r f02 (rcosf +3)drdf = [; o fo (12 cos 0 + 3r) dr db.
Integrate 7: fo 3cosf + 3r?)2do = O%(% cos 6 + 6) df.
Integrate 6: [3 sm9 + 603" = 127.

Answer: 127

3. Use a change of variables to evaluate [ @+ y)2e* ¥ dA where R is the square with vertices

(1,0),(2,1),(1,2),(0,1).

Defineu =z +yand v =z — y.

The vertices in (u,v) are: (1,0) — (1,1),(2,1) — (3,1),(1,2) — (3,-1),(0,1) — (1, -1).
The region Sis 1 <u<3and -1 <v<1.

Compute Jacobian: z = (u +v)/2,y = (u —v)/2. det J = 1/2.

Set up integral: f f3 2ev - Ldudo.

Integrate u: 2f LB dv = 2f L€°(9—1/3)dv=3- %file”dv.

Integrate v: 2 [e’]L; = (e —e1).

Answer: (e —e 1)
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