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Practice problems

1. Find the volume of the solid bounded by the cylinder x2 + y2 = 9, the plane z = 0, and the
plane z = x+ 4.

2. Calculate the volume of the region inside the sphere x2 + y2 + z2 = 4 and inside the cylinder
x2 + y2 = 1.

3. Find the volume of the solid bounded by the cone z =
√

3(x2 + y2) and the sphere x2+y2+z2 = 4.
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Solutions

1. Find the volume of the solid bounded by the cylinder x2 + y2 = 9, the plane z = 0, and the
plane z = x+ 4.

• Convert to cylindrical: x = r cos θ, y = r sin θ, z = z.

• Bounds: 0 ≤ z ≤ r cos θ + 4, 0 ≤ r ≤ 3, 0 ≤ θ ≤ 2π.

• Integral:
∫ 2π
0

∫ 3
0

∫ r cos θ+4
0 r dz dr dθ.

• Inner:
∫ r cos θ+4
0 r dz = r(r cos θ + 4) = r2 cos θ + 4r.

• Middle:
∫ 3
0 (r

2 cos θ + 4r) dr = [13r
3 cos θ + 2r2]30 = 9 cos θ + 18.

• Outer:
∫ 2π
0 (9 cos θ + 18) dθ = [9 sin θ + 18θ]2π0 = 36π.

Answer: 36\pi

2. Calculate the volume of the region inside the sphere x2 + y2 + z2 = 4 and inside the cylinder
x2 + y2 = 1.

• The sphere is z2 = 4− r2, so z = ±
√
4− r2.

• The cylinder gives 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π.

• Integral:
∫ 2π
0

∫ 1
0

∫ √
4−r2

−
√
4−r2

r dz dr dθ.

• Inner: 2r
√
4− r2.

• Middle:
∫ 1
0 2r

√
4− r2 dr. Let u = 4−r2, du = −2rdr.

∫ 3
4 −

√
u du = [23u

3/2]43 =
2
3(8−3

√
3).

• Outer: 2π · 2
3(8− 3

√
3) = 4π

3 (8− 3
√
3).

Answer: \frac4\pi3(8 - 3\sqrt3)

3. Find the volume of the solid bounded by the cone z =
√
3(x2 + y2) and the sphere x2+y2+z2 = 4.

• Cone: z =
√
3r. Sphere: z =

√
4− r2.

• Intersection:
√
3r =

√
4− r2 =⇒ 3r2 = 4− r2 =⇒ 4r2 = 4 =⇒ r = 1.

• Bounds: 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 1,
√
3r ≤ z ≤

√
4− r2.

• Integral:
∫ 2π
0

∫ 1
0

∫ √
4−r2√
3r

r dz dr dθ.

• Inner: r(
√
4− r2 −

√
3r) = r

√
4− r2 −

√
3r2.

• Middle:
∫ 1
0 (r

√
4− r2−

√
3r2) dr = [−1

3(4−r2)3/2−
√
3
3 r3]10 = (−1

3(3
√
3)−

√
3
3 )−(−1

3(8)−0) =

−
√
3−

√
3
3 + 8

3 = 8−4
√
3

3 .

• Outer: 2π · 8−4
√
3

3 = 8π(2−
√
3)

3 .

Answer: \frac8\pi(2 - \sqrt3)3
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