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Practice problems

1. Find the mass of a semi-circular lamina R = {(r, θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ π} with density
ρ(x, y) = x2 + y2.

2. A rectangular lamina occupies 0 ≤ x ≤ 1, 0 ≤ y ≤ 2 with density ρ(x, y) = x. Find the center of
mass (x̄, ȳ).

3. Find the moment of inertia Iz for a disk of radius 1 with constant density ρ = 1.
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Solutions

1. Find the mass of a semi-circular lamina R = {(r, θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ π} with density
ρ(x, y) = x2 + y2.

• Convert density to polar: ρ = r2.

• Set up the integral: m =
∫ π
0

∫ 1
0 r2 · r dr dθ.

• Integrate r3 to get r4/4 from 0 to 1, which is 1/4.

• Integrate 1/4 with respect to θ from 0 to π.

Answer: \frac\pi4

2. A rectangular lamina occupies 0 ≤ x ≤ 1, 0 ≤ y ≤ 2 with density ρ(x, y) = x. Find the center of
mass (x̄, ȳ).

• Compute mass: m =
∫ 1
0

∫ 2
0 x dy dx =

∫ 1
0 2x dx = 1.

• Compute My:
∫ 1
0

∫ 2
0 x(x) dy dx =

∫ 1
0 2x2 dx = 2/3.

• Compute Mx:
∫ 1
0

∫ 2
0 y(x) dy dx =

∫ 1
0 [y

2/2]20x dx =
∫ 1
0 2x dx = 1.

• Calculate coordinates: x̄ = (2/3)/1 = 2/3 and ȳ = 1/1 = 1.

Answer: (2/3, 1)

3. Find the moment of inertia Iz for a disk of radius 1 with constant density ρ = 1.

• Use polar coordinates: x2 + y2 = r2 and dA = r dr dθ.

• Set up integral: Iz =
∫ 2π
0

∫ 1
0 r2 · 1 · r dr dθ.

• Integrate r3 to get r4/4 from 0 to 1, which is 1/4.

• Integrate 1/4 from 0 to 2π.

Answer: \frac\pi2
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