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Practice problems

1. Evaluate the integral
∫ 1
0

∫ 1
x sin(y2) dy dx by swapping the order of integration.

2. Swap the order of integration for
∫ 2
0

∫ 1
y/2 e

x2
dx dy and evaluate.

3. Consider the integral
∫ 1
0

∫ 1
x ey

2
dy dx. Swap the order and evaluate.
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Solutions

1. Evaluate the integral
∫ 1
0

∫ 1
x sin(y2) dy dx by swapping the order of integration.

• Identify the region: x ≤ y ≤ 1 and 0 ≤ x ≤ 1.

• Swap to type two: for a fixed y, x ranges from 0 to y.

• The outer bounds for y are 0 to 1.

• The new integral is
∫ 1
0

∫ y
0 sin(y2) dx dy.

• Integrate with respect to x:
∫ 1
0 [x sin(y

2)]y0 dy =
∫ 1
0 y sin(y2) dy.

• Use u-substitution u = y2, du = 2y dy: 1
2

∫ 1
0 sin(u) du = [−1

2 cos(u)]
1
0 =

1
2(1− cos(1)).

Answer: \frac12(1 - \cos(1))

2. Swap the order of integration for
∫ 2
0

∫ 1
y/2 e

x2
dx dy and evaluate.

• Region: y/2 ≤ x ≤ 1 and 0 ≤ y ≤ 2.

• This is a triangle with vertices (0, 0), (1, 0), (1, 2).

• Swap to type one: x ranges from 0 to 1.

• For a fixed x, y ranges from 0 to 2x.

• New integral:
∫ 1
0

∫ 2x
0 ex

2
dy dx.

• Inner integral: [yex
2
]2x0 = 2xex

2
.

• Outer integral:
∫ 1
0 2xex

2
dx = [ex

2
]10 = e− 1.

Answer: e - 1

3. Consider the integral
∫ 1
0

∫ 1
x ey

2
dy dx. Swap the order and evaluate.

• Region: x ≤ y ≤ 1 and 0 ≤ x ≤ 1.

• Swap to type two: y ranges from 0 to 1.

• For a fixed y, x ranges from 0 to y.

• New integral:
∫ 1
0

∫ y
0 ey

2
dx dy.

• Inner integral: [xey
2
]y0 = yey

2
.

• Outer integral:
∫ 1
0 yey

2
dy = [12e

y2 ]10 =
1
2(e− 1).

Answer: \frac12(e - 1)
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