Taylor expansion in two variables; the Hessian

Lesson 16 - Module 1 — Differentiation in Several Variables - Multivariable & Vector Calculus
- dailymaths.uk /vectorcalc

Practice problems

1. Find the second-order Taylor expansion of f(z,y) = sin(x) + cos(y) centered at (0, 0).
2. Compute the Hessian matrix for f(x,y) = 23y? at the point (1,2).

3. For f(z,y) = e”*Y, show that the second-order Taylor expansion at (0,0) is 1+ z 4y + 3(2? +
2zy +y°).



Solutions

1. Find the second-order Taylor expansion of f(x,y) = sin(x) + cos(y) centered at (0, 0).
e Compute f(0,0) = sin(0) + cos(0) = 1.
e Compute first partials: f, = cos(x), fy = —sin(y). At (0,0), f, =1 and f, =0.

e Compute second partials: fr, = —sin(z), fyy = —cos(y), foy = 0. At (0,0), fzz = 0,
fyy = _17 fxy =0.
e Plug into formula: f(z,y) ~ 1+ 1(z — 0) 4+ 0(y — 0) + (022 + 2(0)zy + (—1)y?).

Answer: f(x, y) \approx 1 + x - \fracl2y"2
2. Compute the Hessian matrix for f(x,y) = x3y? at the point (1,2).

e First partials: f, = 3z%y?, f, = 22%y.

e Second partials: fy; = 62y?, fyy = 223, fuy = 62%y.

e Evaluate at (1,2): fu, = 6(1)(4) =24, fy,, = 2(1)3 =2, fy = 6(1)2(2) = 12.
Answer: H = \beginpmatrix 24 & 12 \\ 12 & 2 \endpmatrix

3. For f(z,y) = e**¥ show that the second-order Taylor expansion at (0,0) is 1 +x +y + %(mQ +
2xy + y?).
e Value: f(0,0) =€ = 1.
e First partials: f, = e*1¥, f, = ™Y, At (0,0), both are 1.
e Second partials: fye = €*1Y, fy,, = ™Y, fo, = €"TY. At (0,0), all are 1.

e Assemble: f(x,y)~1+ lz+ 1y + %(lgv2 +2(1)zy + 1y?).

Answer: f(x, y) \approx 1 + x + y + \frac12(x"2 + 2xy + y"2)
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