Ordinary vs singular points; Cauchy-Euler equations

Lesson 81 - Module 6 — Series Solutions & Special Functions - Differential Equations - daily-
maths.uk/diffeq

Practice problems

1. Determine if ¢ = 0 is an ordinary point or a singular point for the equation ty” + 2y’ + ty = 0.
If it is singular, determine if it is a regular singular point.

2. Solve the Cauchy-Euler equation t2y" — 2ty + 2y = 0 for t > 0.

3. Solve the Cauchy-Euler equation t?y” + 3ty’ + 2.25y = 0 for ¢ > 0.



Solutions

1. Determine if ¢ = 0 is an ordinary point or a singular point for the equation ty” + 2y’ + ty = 0.
If it is singular, determine if it is a regular singular point.
e Divide by ¢ to get standard form: y” + %y/ +y=0.
e The coefficient p(t) = % is discontinuous at t = 0, so t = 0 is a singular point.
e Check for regularity: lim;_,otp(t) = lim;_ t(%) = 2.
e Check the second coefficient: limy_,qt?q(t) = lim;_,0t2(1) = 0.

e Since both limits are finite, t = 0 is a regular singular point.
Answer: Regular singular point
2. Solve the Cauchy-Euler equation t2y" — 2ty + 2y = 0 for t > 0.

e Assume y = t", leading to the indicial equation r(r — 1) — 2r + 2 = 0.
o Simplify: 72 —r —2r +2 =72 -3r +2=0.
e Factor: (r—1)(r—2)=0,s0r =1 and rp = 2.
e The general solution is y(t) = C1t! + Cot?.
Answer: y(t) = C1t + Cat?
3. Solve the Cauchy-Euler equation t>y” + 3ty’ + 2.25y = 0 for ¢t > 0.

e Assume y = t", leading to the indicial equation r(r — 1) 4+ 3r + 2.25 = 0.
Simplify: 72 + 2r +2.25 = 0.

e Use the quadratic formula: r = —2E 42_4(2’25) = 72i2v 4=9 — 72i2‘/775.

e The roots are r = —1 &+ z@

e Using the complex root formula with « = —1 and g = %, the solution is y(t) = t~1[Cy cos(é Int)+
Cysin(¥2 Int)].

Answer: y(t) =t 1[C) cos(¥%2 Int) + Cysin( Int)]
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