Linearisation near equilibria; the Jacobian
Lesson 66 - Module 5 — Nonlinear Dynamics & Chaos - Differential Equations - dailymaths.uk/diffeq

Practice problems
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1. Find the Jacobian matrix for the system 2/ =  — 2?2 —y and 3 = 22 + y, and classify the

equilibrium point at (0,0).

2. For the system 2/ =y, 4/ = —2 — 22, find the equilibrium point and determine if the linearisation
at that point is conclusive.
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3. Consider the system ' = 2z — vy, ¥/ =  + 2y — 2. Find the equilibrium point in the first

quadrant and classify it using the Jacobian.



Solutions

1. Find the Jacobian matrix for the system 2/ =  — 22 —y and 3 = 22 + y, and classify the
equilibrium point at (0,0).

e Compute partials: f, =1—2x, f, = —1, g, = 22, g, = 1.

e Evaluate at (0,0): A= ((1) _11)

e Find eigenvalues: det(A — AI) = (1 —-\)?=0,s0 A =1, 1.

e Since both eigenvalues are positive, the origin is an unstable node (source).
Answer: Unstable node (source)

2. For the system 2’ =y, y = —x — 2>, find the equilibrium point and determine if the linearisation
at that point is conclusive.

e Equilibria: y =0 and —z — 23 =0 = z(1 +2?) =0 = 2 = 0. Point is (0,0).
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e Jacobian: J = <_1 3,2 0>.

e Evaluate at (0,0): A = (_01 (1)>

e Eigenvalues: N2 +1=0 = \ = =i,

e Since Re(A) = 0, the linearisation is inconclusive.

Answer: Inconclusive
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3. Consider the system ' = 2z — vy, ¥/ =  + 2y — 2. Find the equilibrium point in the first

quadrant and classify it using the Jacobian.

e Equilibria: y =2z and 2 + 2(22) —22 =0 = 5z — 22 =0 = 2 = 0,5. First quadrant
point is (5, 10).
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e Jacobian: J = <1 9y 9 >

e Evaluate at (5,10): A = (_29 _21)

e Eigenvalues: (2—-)\)2?-9=0 = 2—-A=43 = \=5—1.

e Opposite signs indicate a saddle point.

Answer: Saddle point
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