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Practice problems

1. Find the general solution to the system x′ = Ax where A =

(
2 1
0 2

)
.

2. Given a system with a repeated eigenvalue λ = −5 and eigenvector v =

(
1
−2

)
, find the general

solution if the generalised eigenvector is w =

(
1
0

)
.

3. Determine if the system x′ =

(
4 0
0 4

)
x is defective and describe the resulting phase portrait.
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Solutions

1. Find the general solution to the system x′ = Ax where A =

(
2 1
0 2

)
.

• Find eigenvalues: det(A− λI) = (2− λ)2 = 0, so λ = 2 repeated.

• Find eigenvector v: (A−2I)v =

(
0 1
0 0

)(
v1
v2

)
=

(
0
0

)
, which implies v2 = 0. Let v =

(
1
0

)
.

• Find generalised eigenvector w: (A− 2I)w = v =⇒
(
0 1
0 0

)(
w1

w2

)
=

(
1
0

)
, which implies

w2 = 1. Let w =

(
0
1

)
.

• Construct general solution: x(t) = c1e
2t

(
1
0

)
+ c2e

2t(t

(
1
0

)
+

(
0
1

)
).

Answer: \mathbfx(t) = c 1 eˆ2t \beginpmatrix 1 \\ 0 \endpmatrix + c 2 eˆ2t \beginpmatrix
t \\ 1 \endpmatrix

2. Given a system with a repeated eigenvalue λ = −5 and eigenvector v =

(
1
−2

)
, find the general

solution if the generalised eigenvector is w =

(
1
0

)
.

• The first solution is x1(t) = e−5t

(
1
−2

)
.

• The second solution is x2(t) = te−5t

(
1
−2

)
+ e−5t

(
1
0

)
.

• The general solution is the linear combination of these two.

Answer: \mathbfx(t) = c 1 eˆ-5t \beginpmatrix 1 \\ -2 \endpmatrix + c 2 eˆ-5t \beginpmatrix
t+1 \\ -2t \endpmatrix

3. Determine if the system x′ =

(
4 0
0 4

)
x is defective and describe the resulting phase portrait.

• Find eigenvalues: det(A− λI) = (4− λ)2 = 0, so λ = 4 repeated.

• Find eigenvectors: (A− 4I)v =

(
0 0
0 0

)
v =

(
0
0

)
. Any vector in R2 is an eigenvector.

• Since we have two linearly independent eigenvectors (e.g.,

(
1
0

)
and

(
0
1

)
), the matrix is

NOT defective.

• Because λ = 4 > 0 and it is a non-defective repeated eigenvalue, the origin is an unstable
star node.

Answer: Not defective; unstable star node.
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