Convolution II — the convolution theorem
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Practice problems

1. Use the convolution theorem to find the inverse Laplace transform of Y (s) = m

2. Find the inverse Laplace transform of Y(s) = WI*) using the convolution theorem.
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3. A system has a transfer function H(s) = ﬁ and is given an input f(¢) = sin(2¢). Find the

output y(t) using the convolution theorem.



Solutions

1. Use the convolution theorem to find the inverse Laplace transform of Y'(s) = [k

o Identify F(s) = -5 and G(s) = —L5, so f(t) = €* and g(t) = %"
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Simplify the integrand: y(t) = 3 ft 23T dr = €3t fo e Tdr.
Integrate: y(t) = e3t[—e_7]0 =3 (—e t +1).
Distribute: y(t) = —e? + 3.

Set up the convolution mtegral y(t) = T.

Answer: y(t) = e 3t - e"2t
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2. Find the inverse Laplace transform of Y (s) = Fo using the convolution theorem.

Identify F'(s) = 5—2 and G( ) = o= 1, so f(t) =t and g(t) = €.

Set up the integral: y(t fo Te!=Tdr.
Pull out el: y(t) = € fo Te Tdr.

Use integration by parts on [7e "dr: u=r71,dv=e¢"dr = du=dr,v=—e"

T

The integral is [~7e 7]h + [ e Tdr = —te ' + [~ ]} = ~te ™t — e+ 1.
Multiply by ef: y(t) =ef(1 —e ' —te™?) =€l — 1 —¢.

Answer: y(t) =e't-t-1

3. A system has a transfer function H(s) = ﬁ and is given an input f(t) = sin(2¢). Find the

output y(t) using the convolution theorem.

e The output in s-domain is Y (s) = H(s)F(s) = 521+4 : 5214 = (52_%4)2.

o Identify h(t) = % sin(2t) and f(t) = sin(2t).

e Set up convolution: y(t fo 5 8in(27) sin(2(t — 7))dr

e Use the product—to—sum identity sin(A)sin(B) = 1 (cos(A — B) — cos(A + B)).
e Here A=27and B=2t—27,s0 A— B=47 — 2t and A+ B = 2t.

e The integral becomes } fot(cos(47 — 2t) — cos(2t))dr.

e Integrate: 1[7sin(4r — 2t) — 7 cos(2t)]}.

e Evaluate: (7 sin(2t) —tcos(2t) — (4 sin(—2t) — 0)).

e Since sin(—2t) = —sin(2t), we get (3 sin(2t) — tcos(2t)).

Answer: y(t) = \frac18\sin(2t) - \fracl4t\cos(2t)
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