Distinct real roots — overdamped worlds
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Practice problems

1. Solve the initial value problem y” + 5y’ + 6y = 0 with y(0) = 2 and 3/(0) = 1.
2. Find the general solution for 3" — 4y = 0 and describe the behavior as ¢t approaches infinity.

3. A system is described by y” + 2y’ = 0 with y(0) = 1 and y'(0) = —1. Solve for y(¢).



Solutions

1. Solve the initial value problem y” + 5y’ + 6y = 0 with y(0) = 2 and 3/(0) = 1.

e The characteristic equation is 72 + 5r 4+ 6 = 0, which factors as (r + 2)(r + 3) = 0.

e The roots are 7 = —2 and ro = —3, so the general solution is y(t) = c1e™2! + coe ™3,

e Using y(0) = 2, we get ¢1 + co = 2.

e The derivative is 3/ (t) = —2c1e™?" — 3cee 3!, Using 4/(0) = 1, we get —2c¢; — 3¢ = 1.

e Solving the system: 2(c; + ¢2) = 4, so (—2¢1 — 3¢a) + (2¢1 + 2¢2) = 1 + 4, which gives
—C2 = 9, S0 g = —d.

e Thency =2—(—5)=T.
Answer: y(t) = Te 2 — 5e=3¢
2. Find the general solution for 3/ — 4y = 0 and describe the behavior as t approaches infinity.

e The characteristic equation is r> —4 = 0, so r? = 4.

e The roots are r = 2 and r = —2.

e The general solution is y(t) = c1e?’ + cope 2.

e Ast approaches infinity, the e term grows without bound (unless ¢; = 0), so the solution
is unstable.

2t

Answer: y(t) = c1e* + coe™?!; unstable growth

3. A system is described by y” + 2y’ = 0 with y(0) = 1 and y'(0) = —1. Solve for y(¢).

e The characteristic equation is 72 + 2r = 0, which factors as r(r + 2) = 0.

e The roots are r1 = 0 and r9 = —2.

e The general solution is y(t) = c1€% + cae™ = ¢1 + cpe 2.

Using y(0) = 1, we get ¢; + co = 1.
e The derivative is y/(t) = —2coe™2t. Using 3/(0) = —1, we get —2co = —1, 50 cg = 1/2.
o Thenec; =1—1/2=1/2.

Answer: y(t) = % + %e—zt
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