The orthogonal complement; orthogonality of the four
subspaces
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Practice problems
1. Find a basis for the orthogonal complement V= of the subspace V in R3 spanned by the vectors

1 0
2| and | 1
1 -1

2. Given a 3 x b matrix A with rank 2, what is the dimension of the orthogonal complement of the
row space of A?

3. Let V be the subspace of R* defined by the equation x1 4+ 3 + 23 + x4 = 0. Find a basis for v+



Solutions

1. Find a basis for the orthogonal complement V= of the subspace V in R3 spanned by the vectors

1 0
2 and | 1 ].
1 -1
T
e A vector |y| isin V1 if its dot product with both spanning vectors is zero.
z

This gives the system:  +2y+2=0and y — 2z = 0.
e From the second equation, y = z.

Substitute into the first: x 4+ 2z + z = 0, so « + 3z = 0, which means z = —3z.

—3z -3
e The vectors are of the form z =z|1
z 1

Answer: \textspan\\beginbmatrix -3 \\ 1 \\ 1 \endbmatrix\

2. Given a 3 x b matrix A with rank 2, what is the dimension of the orthogonal complement of the
row space of A?
e The row space of A is a subspace of R because the rows have 5 components.
e The dimension of the row space is equal to the rank of the matrix, which is 2.
e The dimension of the orthogonal complement V+ is n — dim(V').
e Here n =5 and dim(Row(A)) = 2.
e Therefore, dim(Row(A)*+) =5 —2 = 3.

Answer: 3

3. Let V be the subspace of R* defined by the equation x1 4+ 2 + x5+ x4 = 0. Find a basis for V1.

1 1 1
. T2 1 T
e The subspace V is defined as the set of all vectors - such that 1 ol = 0.
3 3
T4 1 L4

This means V is the null space of the matrix A = [1 11 1].
We know that Null(A)+ = Row(A).

The row space of A is spanned by the single row vector

—_ = = =

Thus, V' is spanned by the vector

—_ = = =

Answer: \textspan\\beginbmatrix 1 \\ 1 \\ 1 \\ 1 \endbmatrix\
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