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Practice problems

1. Determine if the polynomials p1 = 1+ x2, p2 = x+ x2, and p3 = 1+ x are linearly independent
in the space of polynomials of degree 2 or less.

2. Find the coordinates of the polynomial p(x) = 4 + 2x − 3x2 relative to the basis B = {1, 1 +
x, 1 + x+ x2}.

3. Consider the space of polynomials of degree 3 or less. Is the set {1 + x, x+ x2, x2 + x3, 1 + x3}
linearly independent?
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Solutions

1. Determine if the polynomials p1 = 1+ x2, p2 = x+ x2, and p3 = 1+ x are linearly independent
in the space of polynomials of degree 2 or less.

• Convert polynomials to coordinate vectors relative to basis {1, x, x2}: [p1] = [1, 0, 1]T ,
[p2] = [0, 1, 1]T , [p3] = [1, 1, 0]T .

• Form matrix A =

1 0 1
0 1 1
1 1 0

.
• Perform row reduction: R3 ← R3 −R1 gives

1 0 1
0 1 1
0 1 −1

.
• Then R3 ← R3 −R2 gives

1 0 1
0 1 1
0 0 −2

.
• Since there are 3 pivots, the vectors are linearly independent.

Answer: Yes, they are linearly independent.

2. Find the coordinates of the polynomial p(x) = 4 + 2x − 3x2 relative to the basis B = {1, 1 +
x, 1 + x+ x2}.

• Set up the equation 4 + 2x− 3x2 = c1(1) + c2(1 + x) + c3(1 + x+ x2).

• Equate coefficients of x2: c3 = −3.
• Equate coefficients of x: c2 + c3 = 2 =⇒ c2 − 3 = 2 =⇒ c2 = 5.

• Equate constants: c1 + c2 + c3 = 4 =⇒ c1 + 5− 3 = 4 =⇒ c1 + 2 = 4 =⇒ c1 = 2.

• The coordinate vector is [2, 5,−3]T .

Answer: [2, 5, -3]ˆT

3. Consider the space of polynomials of degree 3 or less. Is the set {1 + x, x+ x2, x2 + x3, 1 + x3}
linearly independent?

• Convert to coordinate vectors in R4: v1 = [1, 1, 0, 0]T , v2 = [0, 1, 1, 0]T , v3 = [0, 0, 1, 1]T , v4 =
[1, 0, 0, 1]T .

• Form matrix A =


1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1

.

• Row reduce: R2 ← R2 −R1 gives


1 0 0 1
0 1 0 −1
0 1 1 0
0 0 1 1

.

• Then R3 ← R3 −R2 gives


1 0 0 1
0 1 0 −1
0 0 1 1
0 0 1 1

.

2



• Then R4 ← R4 −R3 gives


1 0 0 1
0 1 0 −1
0 0 1 1
0 0 0 0

.
• There are only 3 pivots for 4 vectors, so they are linearly dependent.

Answer: No, they are linearly dependent.
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