Rationalising substitutions and Weierstrass t = tan(x/2)
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Practice problems

1. Evaluate the integral [ —L— dx.
2. Evaluate the integral [ m dzx.

3. Evaluate the integral [ % dx.



Solutions

1. Evaluate the integral [ —L— dx.

: 1—
e Substitute cosx = 1+t2 and dx = Htg dt.
: 12 142-(1—t?) 942
e The denominator becomes 1 — 1757 = EE =1z

e The integral is fm e dt = [ dt.

1+
e Integrating ¢t=2 gives —t~ 1 + C = —; +C.

e Substitute back ¢t = tan(z/2) to get — cot(z/2) + C

Answer: -\cot\left(\fracx2\right) + C

2. Evaluate the integral [ m dx.

1—¢2
1+t2 and dx = 1+t2dt

2(14+t2)+1—12 3442

e Substitute cosx =

e The denominator is 2 +

e The integral becomes [ % : 1+t2 dt= [ SJF% dt.

1+t2 = 1+2 = 1

e This is an arctangent form: 2 - \/g arctan ( f) +C.

e Substitute back ¢ = tan(z/2).

Answer: \frac2\sqrt3 \arctan\left(\frac\tan(x/2)\sqrt3\right) + C

3. Evaluate the integral [ % dx.

nzr+cosx

COST =

. : — 2t
e Substitute sinz = 757,

1+t2 ’

2t/(1+t2)
+1-¢2)/(1+2) 1+t2 dt.

The integral becomes [ 5 wor

2
and dx = e dt.

2412 148242t 41-t2

242t

Simplify the denominator: 1+

JE=- R P

C 142 2t
e The integral is f 1+t2 279 1+t2 dt = f (110 (1+82)
e Use partial fractions: W = %«Lt + E{'ftf

o Integrate: [(7=% +

142

dt.

Solving gives A= —-1,B=1,C' = 1.

+ t2) + arctan(t) + C.

Answer: -\In—1 + \tan(x/2)— + \frac12\In(1 + \tan"2(x/2)) + \fracx2 4+ C
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