Trigonometric integrals (powers of sin and cos)
Lesson 69 - Module 3 — Integral Calculus - The Calculus Course - dailymaths.uk/course

Practice problems

1. Find the indefinite integral [ sin®z dz.
2. Evaluate the indefinite integral [ sin® x cos® z dz.

3. Find the indefinite integral [ cos*z dz.



Solutions

1. Find the indefinite integral [ sin®z dx.

e Since the power is odd, peel off one sin x factor: f(sin2 x)?sinx de.
e Use the identity sin?z = 1 — cos® x to get [(1 — cos? z)%sinz du.
e Let u = cosz, then du = —sinz dz. The integral becomes — [(1 — u?)? du.

Expand the binomial: — [(1 — 2u? + u*) du.
e Integrate term by term: —(u — %u?’ + %ug’) +C.

e Substitute back u = cosz: —cosx + % cos®

T — % cos’z + C.
Answer: -\cos x + \frac23\cos"3 x - \fracl5\cos"5 x + C
2. Evaluate the indefinite integral [ sin® z cos? = dx.

e Both powers are odd, so we can choose either. Let’s peel one cosz and let u = sin .
2

The integral becomes [ sin® z(cos® z) cosz dz = [ sin® z(1 — sin® z) cos z dz.

Substitute u = sinx and du = cosz dz: [u3(1 — u?) du.
Distribute: [(u® — u®) du.

Integrate: %u‘l — %uﬁ + C.

1

e Substitute back: % sintz — 3 sinz + C.

Answer: \fracl4\sin"4 x - \fracl6\sin"6 x + C
3. Find the indefinite integral [ cos*z dz.

1+cos(2x) )2 de.

o The power is even, so use the half-angle identity: [(—=

142 cos(2x)+cos? (2z)
7 dx.

Expand the square: [
Split the integral: I [1dz + 5 [cos(2z)dx + % [ cos?(2z) da.

Apply the half-angle identity again to cos?(2z): [ H%S(%) dx.

Integrate all parts: 32 + 1sin(2z) + (32 + £ sin(4z)) + C.

Simplify: fz + Xsin(2z) 4+ $2 + 55sin(4z) + C = 32 + 1sin(22) + &5 sin(4z) + C.

Answer: \frac38x + \fracl4\sin(2x) + \frac132\sin(4x) + C
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