Integration by parts II — repeated and cyclic cases
Lesson 68 - Module 3 — Integral Calculus - The Calculus Course - dailymaths.uk/course

Practice problems

1. Evaluate the indefinite integral [ ze” dz.
2. Evaluate the indefinite integral [ €2® cos(z) dz.

3. Evaluate the indefinite integral [ z?sin(z) da.



Solutions

1. Evaluate the indefinite integral [ z3e® da.

e Use integration by parts with u = 2> and dv = e®dz. This gives z3e” - 3z2e*dz.

e Apply integration by parts again to [ 3z2edr with v = 322 and dv = e*dx. This gives
3z%e® — [ 6re®da.

e Apply integration by parts a third time to [6ze”dx with u = 6z and dv = e*dz. This
gives 6ze® — [ 6e”dx.

e The final integral is 6. Combine all terms: x3e® — (322 — (6xe® — 6e%)).

e Simplify the signs: 23e® — 322e” 4 6xe® — 6e* + C.
Answer: (x"3-3x"2 + 6x-6)e’x + C
2. Evaluate the indefinite integral [ e* cos(z) dx.

o [et I = feQ”” coszdz. Set u = coszx and dv = e2*dz. Then du = — sinzdx and v = 5€
e First pass: I = 1 e?® cosx + f Le2 sin adz.

e Second pass on f %629” sinzdz: set u = sinx and dv = %ehdx. Then du = coszdx and
_ 1 21
v= e

2sing — [ 1e* coszdz.
e Substitute back: I = %ez"’” cosx + %eh sinx — %I_

e Add 1I to both sides: 51 = e?*(3 cosz + %sinz).

e The second integral is %e

o Multiply by 3: I = 2e**(3 cosz + §sinz) = 62790(2(:osx +sinx) + C.

Answer: \frace"2x5 (2 \cos x + \sin x) + C
3. Evaluate the indefinite integral [ z?sin(z) da.

e Set u = 22 and dv = sin zdx. Then du = 2zdz and v = — cos x.
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e First pass: —z cos:n—l—wi cos zdzx.

Second pass on [ 2z coszdz: set u = 2z and dv = cos zdz. Then du = 2dz and v = sin .

The second integral is 2z sinz — [ 2sinzdz.

The final integral is —2(— cos ) = 2 cos .

Combine: —z2cosz + 2xsinx + 2cosz + C.

Answer: (2 -x"2)\cos x + 2x \sin x + C
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