Differentiability vs continuity; corners and cusps
Lesson 29 - Module 2 — Differential Calculus - The Calculus Course - dailymaths.uk/course

Practice problems

2+1 2<0
1. Determine if the function f(z) = {x thors 0 is differentiable at = = 0.

2. Is the function f(z) = |2z — 6/ differentiable at = = 37

3. Explain why f(x) = z'/% is not differentiable at z = 0 despite being continuous.



Solutions

2+1 2<0
1. Determine if the function f(z) = b rs is differentiable at = = 0.
r+1 x>0

e Check continuity: f(0) =02+ 1 = 1. The limit from the right is 0+ 1 = 1. It is continuous.

(0+h)24+1—(0%+1)
h

e Find the left-hand derivative: limy_,o- = limy,_,o- %2 =0.

N (0+h)+1—(0+1)

e Find the right-hand derivative: limy, . I = limy, .o+ % =1

e Compare the slopes: 0 # 1.

e Since the one-sided derivatives are different, the function is not differentiable at x = 0.
Answer: Not differentiable at z = 0 (it has a corner).
2. Is the function f(z) = |2z — 6| differentiable at z = 37

e Check continuity: f(3) = |2(3) — 6] = 0. The function is continuous.

e For z > 3, f(x) = 2z — 6. The difference quotient is Q(SLZ_G_O = % =2.
e Forx < 3, f(z) = —(20—6) = —22+6. The difference quotient is w = _TZh = -2

e The left-hand slope —2 does not equal the right-hand slope 2.
Answer: Not differentiable at x = 3.
3. Explain why f(x) = 21/5 is not differentiable at = = 0 despite being continuous.
e Check continuity: f(0) = 0% = 0. It is continuous.

e Set up the difference quotient: limy_,q hl/i_o.

e Simplify the expression: %/"’ — pU/5-1 — p4/5 — -

Evaluate the limit: as h — 0, 1/h*" approaches infinity.

e Since the slope becomes infinite, there is a vertical tangent.

Answer: It has a vertical tangent at = = 0.
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